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Abstract. We present a geometrical inspired study of the dynamics of Dp-branes. 
We focus on the usual nonpolynomial Dirac-Born-Infcld action for the worldvolumc 
swept out by the brane in its evolution in general background spacetimes. We 
emphasize the form of the resulting equations of motion which are quite simple 
and resemble Newton's second law, complemented with a conservation law for a 
worldvolume bicurrent. We take a closer look at the classical Hamiltonian analysis 
which is supported by the ADM framework of general relativity The constraints and 
their algebra are identified as well as the geometrical role they play in phase space. In 
order to illustrate our results, we review the dynamics of a Dl-brane immersed in a 
AdSs x S 3 background spacetime. We exhibit the mechanical properties of Born-Infeld 
objects paving the way to a consistent quantum formulation. 
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1. Introduction 

Nowadays M/string theory still is the best candidate to unify all fundamental 
interactions. Its non-perturbative approach has revealed certain important higher 
dimensional extended objects known as Dp-branes. These objects are defined as 
hypersurfaces in spacetime onto which open strings can attach, and Dirichlet boundary 
conditions are chosen for them [USE]. Since its discovery, a lot of effort has 
been devoted to the study of Dp-branes due to the key role they have played in the 
understanding of physics at the tiniest scales. Dp-br&nes are enlightening when non- 
perturbative properties of superstring theory and M-theory are studied [3]. They are 
also relevant in the quantum description of black holes [H [5] and the geometric nature of 
spacetime [6]. Besides, they bring insights into new scenarios for cosmological theories of 
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our entire universe [7J[SJ[H]. There are, in addition, some other remarkable contributions 
in high-energy physics provided by Dp-brsmes (see [6], [10], and references therein). 

The Dirac-Born-Infeld (DBI) action has been proposed as an elegant effective action 
governing the dynamics of Dp-branes at low energy scales [3j [6] . Originally, Born-Infeld 
(BI) theory arose to overcome the infinity problem associated with the self-energy of 
a point charge source in the classical Maxwell theory [Til 12] • The simplest DBI 
Lagrangian in the realm of string theory is based on the introduction of a U(l) gauge field 
propagating on the worldvolume swept out by an extended object coupled to the inherent 
geometry of the worldvolume. It is one of the simplest nonpolynomial Lagrangians 
invariant under reparametrizations of the worldvolume. In fact, the DBI action is the 
natural generalization of the Dirac-Nambu-Goto (DNG) action which describes minimal 
surfaces but now involving a gauge field on the worldvolume. 

In this paper we aim to perform a Lagrangian and a Hamiltonian geometrical 
study of the DBI action. We obtain a geometrical interpretation of the mechanical 
properties of Dp-branes which constitutes the mathematical backbone of the paper. 
The variational process of the DBI action leads to second order equations of motion 
that are complemented with a conservation law associated to the energy-momentum, on 
one side, and Maxwell's equations arising from the conservation of a bicurrent defined on 
the worldvolume, on the other. The equations of motion associated to the coordinates 
are simply the contraction of the worldvolume stress tensor with the extrinsic curvature 
equated to an external force. This can be interpreted as a generalized Newton's second 
law. The corresponding conserved momentum is constructed with two terms: the kinetic 
momentum and the interaction of the Dp-br&ne with a Neveu-Schwarz (NS) field. This 
result generalizes the conserved momentum for a point particle interacting with an 
electromagnetic field. As we will see, the source of the currents and external forces 
mentioned above resides in the presence of the antisymmetric NS field. We presume 
that the geometrical language is more convenient for the general covariant analysis of 
.Dp-branes. 

Even though there are good studies on the DBI action we are convinced that 
some special issues need a careful analysis. We feel unpleasant with other approaches 
where sometimes the simplification of the original action by means of auxiliary variables 
leads to an associated murky geometrical content. These alternative ways to study 
the DBI action are based on the introduction of nondynamical auxiliary fields where 
the resulting action is nondeterminantal and adquires a linear dependence on the 
derivatives of the fields. The obtained simplification by means of this method is 
useful for certain type of calculations but nevertheless it conceals the study of inherent 
geometric properties of the theory. Excellent studies dealing with this approach exist 
in the literature (see [T3l [HI [15], for example). Furthermore, at the Hamiltonian 
level, these approaches start by considering an equivalent DBI action where square 
root terms are avoided in the Lagrangian, leading to a lenghty canonical formulation 
where a plethora of constraints emerge, hiding the geometrical structure of the system 
and making mechanical interpretation unclear. 
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A different approach, which we will follow here, is to consider the original square 
root DBI Lagrangian density and to derive the physical content by appealing basic 
notions in differential geometry. Our approach does not confront other existent 
Hamiltonian approaches for the DBI action but, on the contrary, it clarifies more 
the geometrical role of the constraints and elucidates the geometrical nature of the 
momenta. Though for simplicity we shall restrict our description to U(l) gauge fields 
living on the worldvolume, we believe that the inclusion of other fields, does not 
change considerably the structure of our approach. Moreover, since our approach 
consider general backgrounds, we believe that our geometrical Hamiltonian analysis 
is useful to study the dynamics of other physically interesting objects like supertubes, 
for example [161 E] ■ F° r the sake of simplicity we assume in this paper that the Dp- 
branes have not spatial boundaries or that the physical fields fall off appropriately at 
large distances. 

The rest of the paper is organized as follows. In section [2] we write the DBI action 
and we obtain the equations of motion in terms of the worldvolume stress tensor, 
a covariant worldvolume bicurrent and conserved quantities. In section [3] we take 
advantage of the ADM formulation of General Relativity (GR) in order to decompose 
the trajectory of the Dp-br&ne in a similar fashion. Section H] is devoted to develop the 
Hamiltonian analysis of the theory identifying the constraints and their role in phase 
space. We also find the algebra of the constraints. In section [5] we write Hamilton's 
equations of motion in terms of the geometrical quantities described before. We put 
our machinery at work by considering an unambiguous example in section [6] in an 
anti-deSitter background previously analysed using a different approach in [TSJ [19]. 
Section [7] presents some concluding remarks and some perspectives on the quantum 
approach. Finally, in Appendix A we specialize our results to the Dl-brane and D2- 
brane general cases, explicitly showing the form of the worldvolume conserved quantities, 
and Appendix B collects some mathematical identities used in the main text. 



2. DBI action 



Consider a Dp-brane, E, of dimension p evolving in a iV-dimensional background 
spacetime endowed with an arbitrary metric G^ v {n,u = 0,1,2, N — 1). The 
trajectory, or worldvolume, m, swept out by £ is an oriented timelike manifold of 
dimension p+1, described by the embedding functions x M = X M (£ a ) where x M are local 
coordinates of the background spacetime, £ a are local coordinates of m, and X 11 are the 
embedding functions (a, b = 0, 1, 2, . . . ,p). The metric induced on the worldvolume from 
the background is given by g ab = G^ v X fl a X u b :=X a -X b with X» a = <9 a X^ = dX»/d£ a 
being tangent vectors to m. 

In this framework we introduce N — p — 1 normal vectors to the worldvolume, 
denoted by n M j (i — 1, 2, . . . , N — p — 1). These are defined implicitly by n ■ X a = and 
we choose to normalize them as rij ■ rij = 8y. We will adopt index- free notation when 
convenient in order to avoid a cumbersome description. 
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The celebrated effective nonpolynomial DBI action that controls the low energy 
dynamics of .Dp-branes is 

S DB1 [X",A a }=P P I d p+1 ^-det(g ab + F ab ), (1) 

J m 

where f3 p is the tension of the -Dp-brandj], T ab — &F ab + B ab with F ab = 2d[ a A b ] being 
the electromagnetic field strength associated to a £7(1) gauge field A a living on m and 
B ab = B lxv X tJ, a X v b is the pullback to the worldvolume of the NS 2-form B^ u ; here a is the 
BI parameter related to the inverse tension of fundamental strings^. The configuration 
space C is spanned by {X^,A a }, that is, we have N + p + 1 configuration degrees of 
freedom per point on the worldvolume. We are restricting ourselves to consider gauge 
fields A a living on the worldvolume only. Different Bl-like theories exist that consider the 
housing of other gauge fields 1201. In particular, the DBI action ([1]) is invariant under 
worldvolume reparametrizationsJ§| Further, the action is invariant under a NS gauge 
transformation B ab — > B ab — 2d[ a \ b ] if we shift the U{1) field A a — > A a + a~ 1 X a where A a 
is a 1— form; in other words, T a b is the gauge invariant quantity in the presence of NS 
background field and not the electromagnetic field tensor F ab . For the sake of simplicity 
throughout the paper we will introduce the following notation: M ab := g ab + T ab is the 
composite matrix, while (M _1 ) afe denotes its inverse and M := det(M a b). Henceforth, as 
a further notational simplification, we will omit the differential symbols, d p+1 ^ or d p u, 
wherever a worldvolume or space integration is performed. 

Under an infinitesimal deformation of the embedding functions X — > X + 5X as 
well as A — > A + 5 A, the first variation of the action (CQ) casts out the equations of 
motion associated to the configuration space C [191 122] . 

- V a [(M- l )^G, v - [M'^B^] X\} 

+T^7= l(M- l t b) d,G au - (M-^ a %B av ] X\X\ = , (2) 



-af3 p - [M 



0, (3) 



where V a is the covariant derivative associated with g ab and (M -1 )^ and (M -1 )^ 
denote the symmetric and the antisymmetric parts of the matrix (M -1 ), respectively. 
Note that we have N + p+1 equations of motion, some of them being simple identities 
whose origin is related to the invariance under reparametrizations of the worldvolume. 

It is convenient to compute the worldvolume stress-energy tensor defined by 
T ab ._ 2 6Szm an( j the worldvolume covariant bicurrent defined by J ab := ^2=^si 

f The explicit form of the Dp-brane tension is given by (3 P = 2ir /[gf(2it*Ja') pJrl ], where a' is the 
inverse of the fundamental string tension and gj is the string coupling. 

\ To enrich the content of the work, the parameter a — 2-7ra' can be thought of as a parameter included 
in order to gain control over the theory. 

§ Some consequences of this reparametrization invariance are studied in [21j . where quadratic terms 
under the square root of the Lagrangian are studied. 
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(see [23] )• We obtain the general expressions 



T ab = /3 p ^3(M- 1 ) (ab) , (4) 

= _ a ^^E2 (M -i)M. (5) 

Despite the definition of the worldvolume bicurrent, (jSJ) establishes a nonlinear relation 
between J afe and F ab as we shall see below. In fact, (jSJ) denotes the covariant form of 
the electric induction on the worldvolume [23]. A well known relation exists between 
the physical tensors T ab and J ab which was introduced since the foundation of the BI 
theory. It can be obtained easily mixing the expressions defining the Eqs. (jlj) and (jSJ) 
as well as the identity flB.4j) . 

T\ = (-g)- 1/2 C 5\ - a- l J ba F bc . (6) 

Taking into account (jlj) and (jSJ) we can rewrite the equations of motion (j2J) and fl3j) in 
terms of the tensors T ab and J ab as 

V a [(T ab G^ + a-'r'B^) X\\ - ~ {T a %G av + a" 1 J a %B au ) X\X" b = , (7) 

V a J afe =0. (8) 

From the relation (jSJ) and with the help of the conservation of the bicurrent J ab , it 
is straightforward to show that the metric stress tensor T ab is also conserved, 

V a T ab = . (9) 

Now, based on this result and with the help of the Gauss- Weingarten equations 
V a X^ = — T^ t/3 X a a X l3 b — K^n^i, where are the Christoffel symbols associated 
to G^ u , the equations of motion flT]) take the form 

- T ab K i ab G liV n U i + a- l h a \d a B, v + d u B afl + d^B va )X a a X\ = , (10) 

where K l ab = —n l ■ D a X b is the extrinsic curvature of the worldvolume and D a = X^ a D^ 
is the pullback to the worldvolume of the covariant derivative compatible with G^, that 
is, [22] • Finally, the equations of motion adquiere the geometrical simplified form 

T ab K l ab = F\ (11) 
V a J ab =0, (12) 

where F' = -\ a - l J ab H a ^X a a X\n» l with H a ^ = a B^ u + d u B afM + d^B va being 
the NS strength 3-form field which satisfies d^H^ = 0. Note that the form of the 
equations of motion (fTTj) can be interpreted as a generalization of Newton's second law 
for a particle where T ab plays the role of a mass, K l ab the generalization of the acceleration 
in higher dimensions, and F % a force density. This form of the equations of motion was 
obtained in other contexts, for instance, in the case of superconducting membranes and 
membranes interacting with external Kalb-Ramond and U(l) fields in [24 1 1251 126] . 

The classical trajectories of Dp-branes are governed by N — p — 1 independent 
equations of motion (llip of second order in the coordinates X, one for each normal. 
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The (p + 1) equations of motion (TT2"j) are associated to the U{1) gauge fields A a . The 
remaining (p + 1) tangential equations (jUJ) are satisfied identically as a consequence of 
the reparametrization invariance of the action Sdbi- As expected, the DNG equations 
of motion K % = g ab K l ab = in the context of minimal surfaces, are recovered when we 
turn off the fields. We reassert that the equations of motion are a generalization of 
the minimal surface equations with the addition of an U(l) gauge field living on the 
worldvolume. With respect to the equations ffl2|) . these yield Maxwell equations either 
homogeneous or inhomogeneous with support on the worldvolume. Note that with this 
simple derivation of the dynamics, we have a proof of the conservation of both the 
stress-energy tensor T ab and the bicurrent J ab . To make our approach more concrete 
in Appendix A we specialize to the Dl- and 7J2-brane general cases, where we explicitly 
exhibit the worldvolume conserved quantities. We expect that these cases provide us 
with enough intuition to understand the evolution of /Jp-branes for general p. 

With respect to the conserved quantities, we must assume that the background 
spacetime has certain symmetries. In general, the response of the action (DO) under an 
infinitesimal deformation of the embedding functions X — > X+5X as well as A — > 
can be expressed by 



5S r 



~- [ V^[£^ + £ a SA a + V a Q a ] , (13) 

J m 

where and S a are the Euler-Lagrange derivatives of the action and Q a is the Noether 
charge that depends on the infinitesimal deformations 5X and 5 A (see [27] for details). 
For an infinitesimal constant deformation 5X^ = e M , and assuming that the equations 
of motion are satisfied, the variation of the action becomes 



6S om = e!> / V^9V a Q a ^ (14) 

J m 

where we can set the Noether charge as 

Q a = T *b X \G, u + i J ah B^X\ . (15) 
By using the divergence theorem, equation (TT41 reads 

SS DB1 = e» [ Vh Va Q° = eV [ Vh Va Q;-e" [ Vh Va Q^, (16) 

Jdm Jz f JZi 

where the integrals are evaluated on the spacelike hypersurface S at initial and final 
times. The spacelike hypersurface £ seen as embedded in m, has a timelike normal 
vector 7] a and the determinant of its induced metric is h (see below). If the action 
is invariant under SX^ = we have the constant of motion (because £/ and Sj are 
arbitrary) , 

Vp= f Vhr, a (T ab X\G, v + -J ab B^X\) . (17) 

This result is pretty nice since it generalizes the conserved momentum for a relativistic 
particle interacting with an electromagnetic field. In our case the first term represents 
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the kinetic momentum and the second one is the coupling between the Dp-brane and 
the NS field. 

If we have a static background, the action is invariant under time translations and 
the corresponding conserved quantity will be the energy of the Dp-brane moving in the 
background spacetime 



Vo= f Vh Va (T ab X\Gvu + -J ab Bv u X v h 



One can further note immediately from equation (EJ) that in the case of a static 
background the energy density e p of a Dp-brane is conserved, d t e p = 0, where 

e p = ^{T ta G^ + a-'J^B^X^ . (19) 



-p 

In a similar fashion, for a gauge transformation 5 A = dA the corresponding Noether 
charge is 

IT = y/^jJ ab d b A . (20) 

The condition 5S DBI = for an action invariant under translations as well as gauge 
transformations of the kind 5 A = dA imposes the Euler-Lagrange derivatives as 

£» = -V a Q a », (21) 

and 

£ = -VJF = ^£ a d a A. (22) 

In other words, the equations of motion can be restated in terms of the conservation of 
the tensors Q a ^ and IP. 



3. ADM decomposition 

We shall consider that the worldvolume m is generated by the evolution of E in a 
parameter t. The Dp-brane E is described locally by the embedding = X^{t,u A ) 
at fixed t, where u A are local coordinates on S, (A, B = 1,2, ... ,p). The parameter t 
keeps track of the evolution of S. Imitating the ADM procedure of GR [28], the flow 
of time throughout the worldvolume m is represented by means of a time vector field 
X^ = d t X^. This is a tangent vector to m which is expanded conveniently with respect 
to the basis {i/^X^} of tangent vectors to the worldvolume living in E, that is, 

X = Nr] + N A X A , (23) 

where iV and N A are denoted as the lapse function and the shift vector respectively, as 
in GR. In this decomposition X^a = 9aX^ = dX^ /du A are the p tangent vectors to S 
and ?7 M stands for a unit timelike normal vector to E. 

Similarly as in section [21 we can consider the embedding of E in the worldvolume 
m, by means of £ a = X a {u A ), where X a are embedding functions also. The metric 
induced on E is h^B = 9abX a A X b b = G ^ V X^ aX v ' b with X a A being tangent vectors to 
E at fixed t, and rf is a timelike unit vector to E. The worldvolume vectors {rj a ,X a A} 
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form a basi^JJ] for the worldvolume m adapted to S. Both embedddings (x M = X^(^ a ) 
and £ a = X a {u A ) ) are related by composition [29] . 

The idea is to break up the non-symmetric composite matrix, M a b := g a t + jF a6 , 
in its "temporal" and "spatial" components. We know how to do it for the case of g a b 
by means of the ADM decomposition [281 EH]. In the same spirit, the standard ADM 
framework of GR will be adapted to M ab . So, first note the following, 

X a X h T ah =0, (24) 

X a X h A T ah =a(A A -V A A ) )+B 0A :=-aE A + B 0A , (25) 

X a A X h B T a b = J~. ab = —Fba ■ (26) 

where we have defined A = A a X a and A A = A a X\, and B 0A = X a X b A B a b. By V A we 
denote the covariant derivative compatible with h AB . Of course, at this moment, as in 
ordinary Maxwell theory, we could introduce the electric intensity E and the magnetic 
induction B by means of E A = F A0 and B A = \e ABC F BC - 

Supported in the coordinate basis jXjX^j, the composite matrix M ab adquires 



its ADM form 



(Mab) - { {N°M AD -F A ) M AB I' (27) 

where we have introduced the quantity 

T A :=NTfX h A T ah , (28) 

for short in the notation. The tangent-tangent projection of the composite matrix 
is given by M AB = h AB + T AB . The reciprocal matrix (M~ 1 ) ab is explicitly given by 

/ -1 jV B +(M- 1 ) CB JF c \ 

( M -l\ab_l N?-T A {M^)ABF B Ni-T A (M-^)ABr B \ (C?Q) 

\ iVI > - \ N a +(M- 1 ) 6a T c {M- l ) AB -[N A +{M- l ) CA T c }[N B +(M- 1 ) DB T D } I • 

\ N' 2 --Ta{M- 1 ) ab Tb N^-T a {M-^) ab T b / 

From matrices (|2T]) and (1291) we can straightforward recover the usual ADM 
decomposition for DNG extended objects by considering a null electromagnetic field 
[a = 0) and null NS fields and hence M AB = h AB , |29l 130] . 
Note that the following identities hold 

N = -G^rfiC and N A = h AE ! G ^X" X p ' B , (30) 

which shows the explicit dependence of the lapse function and the shift vector on the 
velocity vector fl23|) . as opposed to the situation in GR. 

To calculate the determinant appearing in the action ([1]), we shall consider the 
useful identity for determinants (see Appendix B.l ) 

M = det(M afe ) = det(M AB )[M 00 - M a(M" 1 ) A£ ! M m } , (31) 

|| This basis satisfies the completeness relation 

h AB X a A X b B = g ab + V a V b = 9 ab + N- 2 (X a - N A X a A )(X b - N B X b B ) . 
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where (M~ l ) AB is the inverse matrix of Mab- We assume the relations (M~ 1 ) bc Mca — 
Mac(M~ 1 ) cb = 5a b to hold. We also define the following quantities that will be useful 
throughout 

M := det(M AB ) , (32) 

A :=M m -M {iA {M- 1 ) AB M B0 . (33) 

In terms of these quantities the Lagrangian density turns into 

C = p p V-M A . (34) 

Taking into account the components of ff271) . the cofactor fl33l can be written in a 
more convenient form as 

A = — iV 2 



[M ) Ta^Fb ■ (35) 
The computation of the conjugated momenta to the configuration space C is now 
straightforward from the expressions (J34l) and (|35l) 



P„ 



7T 



71 ' 



dX» 
dC 

dC 



dC p p (-M) 
P P <x(-M) 



fiB 



a 



ir A B^X v A ,{36) 



(M-) 



1\(AB) 



0. 



(37) 
(38) 



The origin of the latter equation is because there is no term corresponding to time 
derivative of A in the action. The momenta are densities of weight one as usual in any 
field theory. Unlike the Maxwell field theory, in the DBI case the canonically conjugated 
momenta tt b to the potential Ab are only proportional to the electric field Ea through 
the combination Ta defined in (128~1) . 



4. Hamiltonian approach 

The recipe to get the Hamiltonian description of a constrained field theory is first to 
obtain the canonical Hamiltonian by means of a Legendre transformation with respect 
to and A a , hence we have 

H [X, P; A, tt] = J (p ■ X + 7r a i a ) - L[X, X, A, A] , (39) 

where L[X,X,A,A] is the DBI Lagrangian functional. We are dealing with an action 
invariant under worldvolume reparametrizations and gauge transformations. As is well 
known, at the Hamiltonian level, this implies the existence of constraints. 



4-1. Constraints 

From the definitions of the canonical momenta, we identify the primary constraints by 
contracting first (1361) with P and Xa and then (137p with ti a and Tab-, obtaining 

C := G*" (p, - -B^ttA (p u - -B vP tA + — 2 TX A TT B h A B + P 2 P M ~ , (40) 
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C A 
Co 



P.. 



1 



a 



a 



B 



AB 







(41) 

0, (42) 

where := tt a X^a is the pushforward of the canonical momenta conjugated to Aa- 
Constraints (j4"U|) and fj4T|) correspond to (p + 1) diffeomorphisms and (j42H corresponds 
to the C/(l) symmetry. In fact, the constraint ( T4T)i) generates diffeomorphisms out of £ 
onto the worldvolume and (jUJ) generates the diffeomorphisms tangential to S. We have 
in number (p + 2) primary constraints. To obtain them we have used the identities (IB. 41) 
and ( IB. 51) of Appendix B.2 



Furthermore, the canonical Hamiltonian density vanishes due to the invariance 
under reparametrizations of the worldvolume 

H = P-X + ir a A a - £ = . (43) 

According to the Dirac-Bergmann analysis for constrained systems [31] , we need to 
evolve in time the phase space functions of the theory by means of a total Hamiltonian 
constructed from the canonical Hamiltonian and the primary constraints of the theory. 
Therefore the Hamiltonian that generates evolution is 



H = S x + Vj + T A 



where 



a 



P v - -B 



P M - -B^7T C 

a 



Xt 



a 



H — k b T A b 
a 



vp 



IT' 



\ir A ir B h AB + f3 2 p M 



Att°. 



(44) 

(45) 
(46) 
(47) 



Here we have smeared out (|40p . (T4T1) and (j42|) by test fields A, X A and A in order to get 
phase space constraint functions. It is worthy of notice that A is a test field with weight 
minus one because the constraint PU|) is of weight two. 

Note that the appearance of the combination := P^ — ^B^ u tt u in both the 
scalar PUI) and vector (j4"Ij) constraints plead to use a minimal prescription to incorporate 
the variable Q as a natural momentum for the theory. However, a description of the 
Hamiltonian theory in terms of the momentum Q makes unclear, to our purposes, the 
algebraic properties of the system since it brings along extra secondary constraints where 
terms proportional to the B field and its derivatives emerge. As we are interested in 
understanding the algebra of the constraints, as well as the Hamiltonian equations of 
motion, from now on we will only consider an everywhere vanishing B field, and hence 
Q is reduced to P. 

It is worthy to mention that the geometrical nature of the momenta P help us to 
visualize another implicit scalar relation in the set (140p - (142j) . From the definition of P 
note that 



P- 



7T 







(4f 
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which encodes a privileged direction on the worldvolume where the dynamics can take 
place. This relation can lead to introduce another set of constraints in analogy to 
Virasoro constraints in string theory [32J. 



4-2. Poisson algebra 

Let F and G be two phase space functionals. The Poisson bracket of these two 
functionals is defined as 

5F 5G 



f (SF 5G 5F 5G 5F 5G 



: , , ■ ( 49 ) 

Hence the phase space is endowed with a symplectic structure that in terms of its basis 
reads (at equal times) 

{X^t,u),P u (t,u')} = 6^ p \u,u') , 

{A a (t,u),n b (t,u')} =S b J^(u,u'), (50) 

and all other Poisson brackets are vanishing. 

As usual, time evolution of any phase space functional F can be written as 
the Poisson bracket with the total Hamiltonian (|44|) . that is, F = {F,H}. The 
constraints (j4"5"l) - (l4"Tj) must be preserved under the evolution of the system, and hence 
we impose the stability conditions 

S x = {S x ,H}~0, (51) 
V x = {V x ,H}^0, (52) 
t A ={T A ,#}~0. (53) 

Conditions ([51]) and ([32]) are identically zero, while the stability condition ([531 casts 
out the secondary constraint 

tp = V A n A ~ 0, (54) 

which is the well known Gauss law associated to the U(l) symmetry. In a similar way 
as before, we can smear out the Gauss law with a test field in order to get the phase 
space function 

>V A ir A . (55) 



No further constraints are obtained if we impose the stability condition on the constraint 
(E5J). 

The Poisson brackets of the constraints (j45]) - (j47]) with respect to ([501) satisfy the 
algebra of the constraints, 

{VfrVtfHVpyjj+S*, (56) 

{V X ,S X } =Sc x x + G<f> 2 , (57) 

{<S A ,<S A ,} = V A -;, (58) 
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where 



01 


:= X A X B F J 


02 


:= 2XX a tt b 


X* A 


:= 4 [ttV 



r.M(M )<• - 1 ] (XV B X f - X'V B X) . (59) 

Note that in equation fl57|) we have considered that A is a scalar density of weight minus 
one, and hence its Lie derivative along A is given by C^X = X a VaX — XVaX a (see 



Appendix B.3 ). The remaining Poisson brackets vanish strongly. Therefore we have a 
first class constrained system that forms an open algebra since the right hand side of 
the Poisson brackets involves structure functions rather than structure constants. 

An important feature of the Hamiltonian formalism is the exhibition of the physical 
degrees of freedom transparently. In the DBI case the counting of degrees of freedom 
will be as follows: (l/2)[2(iV+p + l) -2(p + 3)] =N — 2, corresponding to the N + p + 1 
total number of canonical variables and the p+3 number of first class constraints ( H0ll42l) 
and (|54"|) . Note then that the physical degrees of freedom are hence independent of the 
dimension of the extended object. This fact was discussed previously in [14j . 

Further, following the Dirac-Bergmann recipe for constrained systems, the most 
important classification among the constraints in a physical system is the one that 
separates them between first and second class. Once we have identified the first-class 
constraints we are able to write the extended first class Hamiltonian by 

H E = S x + V l + T A + g 4> . (60) 

It is the extended Hamiltonian that provides the most general evolution of the fields. 
In the next section we will study the Hamiltonian equations of motion. 

5. Hamiltonian evolution equations 

In this section we will check the way in which the Hamiltonian time evolution relations 
reproduce the equations of motion obtained in Section [21 

We start by considering the time evolution of the X coordinates which reproduces 
the form of the momentum P given in f l36l . 



X = {X, H E } = 6 -^ = 2XP + X A X A , (61) 
or 

and also identifies the form of the Lagrange multipliers A and X A . So, contracting with 
the E basis, we have the expressions 

X A = N A -a{M~ 1 )^T Bl (62) 

= m^M)- (63) 

Once again, if we turn off the fields we are able to reproduce the expressions reported 
in ESlEOl. 
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Similarly, time evolution of the A A coordinates identifies the form of the momenta 
Ti A given in (j3"Tj) . 

A A = {A Al H E ] = — £ = 2\ir A + X B F BA - V A <\> , 

07P 1 

= N B F BA + T A -V A <i>, (64) 

where we have introduced the Lagrange multipliers (1621) and (163]) . In order to reproduce 
the equation ( 125]) we choose the value = — A . 
Now, the Hamiltonian equation for Aq is 

A = {A ,H E } = j^ = A (65) 

which shows us the explicit form for the Lagrange multipliers necessary to recover the 
right equations of motion. Note that (1541) and (125]) are similar to the situation in Maxwell 
theory due to the Z7 (1) symmetry. Thus, equation (165]) is only a pure gauge term. 
Evolution of the momenta n A is given by 

n = t w ' He} = -Ja; 

= d B (aV^M (M- 1 ) + C^ A 

= d B (NVhJ BA ^ + C X 7r A , (66) 

where in the second line of this equation we have inserted the Lagrange multipliers (1621) 
and ( |63|) . and we have introduced the spatial projection of the worldvolume bicurrent, 
that is, J AB = J ab X a A X b B . 

The Hamilton equation for the 7r° momentum reads 

SA 

showing that n° is a constant of the motion, as expected. 
Finally, time evolution for the momenta P is given by 

= d A [2\n A 7i B X B -2\aM (M~ l f AB ) X B ] + C X P 

= d A (2\n A n B X B ) - d A (NVhT AB X B ) + C X P , (68) 



{AH B } = -y± = 0, (67) 



where we have introduced the spatial projection of the stress-energy tensor, T 



AB 



T ab X a A X b B . 



6. Dl— brane dynamics in AdS^ x S 3 

In order to illustrate the formalism developed previously, we consider a Dl-brane 
immersed in the background spacetime ds 2 = L 2 [— cosh 2 p dt 2 + dp 2 + sinh 2 p d9i\ + 

L 2 d6 2 + cosh 2 # 2 + sin 2 9 d9\ supported by the NS three form field H = dB = 

L 2 sinh(2p) dpAd9±Adt where the Kalb-Ramond two form field is B = L 2 sinh 2 p d9±Adt. 
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We assume that the worldsheet generated by the motion of the Dl-brane is described 
by the embedding 

x» = X»(t, B x ) = (t, P (t), 6 U 6, 6 2 ) . (69) 

Further, we will assume that on the worldsheet lives the U(l) gauge field A a = 
(A ,Ai) = (0, Aqt) with a,b = t,6\. Physically, this is a Z)l-brane with overcritical 
electric fields that wraps in Q\ direction, as discussed in p^8l [19] . The components of the 
induced metric are given by 

where we easily note that the square root of (minus) the determinant of the induced 
metric (!70j) is given by \/—g = L 2 a/ cosh 2 p — p 2 sinh p. In a similar way, the non-null 
component of the matrix Tab is given by the expression J r t e 1 '■= ctAg 1 — L 2 sinh 2 p. The 
elements of the composite matrix are 

(m ^_^kW) ^y (n) 

The determinant of matrix ( 17T1) is hence given by M = g + T 2 dl . The corresponding 
inverse matrix of (ITT]) is given by 




i ,„/, _ 1 / £ 2 sinh 2 p -T m 

Tte^ -L 2 (cosh 2 p-p 2 ^ 



(M-T = T7 ; " r2, J • (72) 



It is straightforward to read both the expressions for the worldvolume stress-energy 
tensor and covariant bicurrent, (j4]) and (j3J), respectively (see also equations flA.31) and 




sinh 2 p 



^="^1 -(cosh 2 p-/^ I ' ™ 

- g r» = ^±^[ " - 1 i. (7i) 



o 

The equation of motion ffT2]) (which is equivalent to equation (IA.6|) ) can be written 
explicitly to show that C\ := ^—gJ 0lt equals a constant, which implies that 

Ft* \ ( j (75) 



~g) a 2 P 2 + C 2 ■ 

Equation of motion ( fill) is complicated to solve since it involves a second-order nonlinear 
differential equation, however, in our treatment this equation is reduced to (1A.5j) which 
can be easily manipulated to obtain a constant of motion associated to the energy of 
the Dl-brane (times a 27r factor which comes from angular integration in 9\ direction) 



E . = -GooGWcT + a2 P'( - gVjWfg (76) 
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Equation (T7B|) is in agreement with the energy computed in [TS] , and is equivalent to the 
energy density E\ obtained above (see ffl9]) ). It is important to mention that this energy 
can also be obtained directly (up to a constant term) by taking the zero-th component of 
the momentum P M obtained in the ADM decomposition (equation (|36|) ). Note, however, 
that conservation of energy is guaranteed in this case due to the specific background 
we choose to work with, that is, a static background. In a more general background, 
equation of motion ([7j) (or its reduced form flA.5j) ) follows instead. In addition, we can 
also compute the force density F^- 1 ' with the help of the constant of motion ( 1751) . and 
hence we find that the force density is also a constant of motion given by 

F (D = J£l . (77) 
La 

Recall that we are interpreting this force density as an external force acting on the 
Dl-brane through a generalized Newton's second law. 



7. Concluding remarks 

In this paper we have carried out a geometrical study of the classical DBI action. As 
a result of the variational process of the action we found out not only the equations 
of motion for a Dp-brane like a generalized Newton's second law but also a couple of 
conserved quantities which we identified as the stress-energy tensor and the worldvolume 
covariant bicurrent associated to the worldvolume electric induction. These equations of 
motion are written in a compact form. We found that these equations are exactly those 
of DNG theory complemented with the ordinary inhomogeneous Maxwell theory, and 
it was shown that our results are independent of the value of both, the tension of the 
Dp-brane and the Bl-parameter. Furthermore, our formulation allowed us to obtain the 
equations of motion for systems with arbitrary background spacetimes. Additionally 
we note that for static backgrounds we obtained the conserved energy of the Dp-brane 
which is a very powerful result for exploring its dynamics. We went through an specific 
example for a Dl-brane in order to see how directly the results obtained by different 
approaches are reached by our geometric formulation. We saw that in our formulation 
the results are not only reproduced in an effortless way but also it allowed to speculate 



with more general backgrounds. In Appendix A we specialized our results to the simple 



cases of .Dl-branes and D2-branes. Further, we noted that the effect of the NS 2-form 
B^y field in both cases was to produce a conserved surface current. For higher p, we 
expect that a similar situation occurs for Dp-branes except that higher order invariants 
are involved in the equations of motion as compared with the D2-brane case. Indeed, 
this is the case for the D3-branes, where a lengthy computation shows the emergence 
of the second invariant of the electromagnetic field that appears in the determinant of 
the composite matrix besides the inhomogeneous Maxwell equations. The geometrical 
study for the latter case will be considered in a separate work. 

On the other hand, we implemented a geometrical Hamiltonian analysis of the 
DBI action based in the canonical ADM formalism of GR. This was useful to break up 



DBI 



16 



the non-symmetric composite matrix M a b into its "temporal" and "spatial" parts. We 
gained enough control over the decomposition to recover the usual ADM decomposition 
of the DNG extended objects by taking a vanishing Bl-parameter. Though the 
composite matrix M a ^ was written in terms of a lapse function and a shift vector, we 
kept our original configuration coordinates. This allowed us to identify the phase space 
constraints in a simple manner. We also discussed the algebra of the constraints of the 
theory. As expected from experience in ADM general relativity, the algebra turned out 
to be open with the structure functions given in a complicated way. This brings serious 
complications towards the study of the quantum theory of the DBI action by means of 
canonical methods of quantization. Strictly speaking, until now is too difficult from first 
principles to fully quantise the theory, but some attempts are in progress [321 [33J, [31]. 
We hope that our geometrical approach pave the way to a consistent quantum analisys. 
It will be interesting to study convenient gauge conditions in order to partially overcome 
the difficulties with the algebra of the constraints at both classical and quantum levels. 
Once a gauge is specified, we expect to apply our general Hamiltonian approach in the 
research of the evolution of other geometrical interesting objects such as supertubes and 
superconducting tubes. Also, it will be important to study the physical observables of 
the theory once an specific gauge is chosen. This will be worked elsewhere. 
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Appendix A. Dl- and D2-brane general cases 

It is instructive to consider the simplest cases in Dp-br&ne theory to make the general 
development above transparent. Such simplest cases for which it is straightforward 
to explicitly construct the stress-energy-tensor and the worldvolume bicurrent are the 
Dl-brane and the D2-brane systems. 

Appendix A. 1. Dl-branes 

In this case we have that the inverse matrix of the composite matrix M a & as well as its 
determinant are 

M = g(l+J*), (A.2) 

where we have introduced the notation T 2 := (l/2)jF afe jF ab . It is straightforward to 
read both the symmetric and antisymmetric parts of the composite matrix (lA.lj) and 
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consequently the stress-energy tensor as well as the worldsheet covariant bicurrent are 
given by 



nab ftl ab 



\flTT 1 



sT , (A.3) 



jab = a Pl jrab / A4 X 

We find that the equations of motion (fTTT) and (|T2|) reduce to 

Pi 

V a F ab = J b , (A.6) 

where we have used the relation (7 a6 V a JF 2 = from ([§]). Thus, in the simplest case, the 
resulting equations of motion seem similar to those of DNG theory with an external force 
complemented with the ordinary inhomogeneous Maxwell theory. Thus, the behaviour 
of the U(l) gauge field is similar to that ocurring on the inhomogeneous Maxwell case 
with the current 

J* : = a' 1 V b B°* . (A.7) 

This current is conserved, V a J\ = 0. Note that the effects of the NS field are to 
produce both a conserved surface current on the worldvolume and a force density F l . 

Appendix A. 2. D2-branes 

Now we specialize to the case of a D2-brane. This case is slightly more complicated. 
The inverse matrix as well as the determinant of the composite matrix M ao are 

(M- l ) ab = JL { [(l + T 2 ) g ab + T ac T b \ - F ab ] , (A.8) 

M = g (l+F 2 ) . (A.9) 

As for the .Dl-branes, it is straightforward to read both the symmetric and 
antisymmetric parts of the composite matrix (1A.8[) . and we can identify both conserved 
stress-energy tensor and the physical tensor J ab , 



nab _ fa 



[{l+F 2 )g ab + F ac T c b ] , (A. 10) 



J ab = , a(32 - T ab (A. 11) 

VlTf 2 

On one side, we find that for this case the equations of motion ( TTTT) and ( Tl2i) become 

& = - R T^rm ^-F), (A.i2) 

V a F ab = J b , (A. 13) 

where we have defined T l := /^(l + T 2 }~ 1 l 2 T a J :b cK a c% ■, and the current density vector 

^=Sn^ +J - (A - 14) 
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where J\ is defined analogously to (1A.7|) for the case of D2-branes. The current (IA.14I) 
is also conserved, and hence we have V a J 2 a = 0. Further, equation flA.13j) represents 
the inhomogeneous Maxwell equations supported on the worldvolume. 

On the other side, we see that the conservation law Q can be written as 

V a Q ab = -F ba (J 2a - J la ), (A.15) 

by defining the symmetric stress tensor Q ab := ^g ab J-' 2 + jF ac jF c 6 . This equation for Q ab 
stands for the analogous of the conservation of energy and momentum equations for 
electromagnetic fields interacting with sources described by the current J a := J 2 a — 
in the Maxwell case. In fact, the equation (1A.15I) is expected due to the presence of the 
external NS field. It is worth noticing that, contrary to the Maxwell case, the tensor 
Q ab has non-vanishing trace. This is a peculiarity of the non-linear electrodynamics. 
Further, the term T ba (J2a — Jia) appearing in equation (|A. 15[) can be recognised as a 
Lorentz force density [35] . 



Appendix B. Important mathematical identities 

Appendix B.l. Determinant of a matrix 

With the Levi-Civita tensor, e aia2 "' an , in n-dimensions, we can build many invariant 
quantities by means of its properties as well as provide an elegant and compact way 
to obtain many of the relevant relations in matrix algebra. The Levi-Civita tensor is 
related to the totally antisymmetric pseudotensor by the relation 

^aia 2 ---a n = V 9 ^a 1 a 2 ---a„ i (-^-l) 

where e aia2 ... an is the Levi-Civita pseudotensor which is a tensorial density of weight 
w = —1. 

The determinant of a matrix M ab can be defined in terms of the Levi-Civita 
pseudotensor by 

M := det (M ab ) = ^e^-^e^^M^M^ ■ ■ ■ M anK , (B.2) 

where we assume that E\2- n = 1- 

The inverse matrix, for the case when M a b is nonsingular, also has a representation 
by means of the Levi-Civita pseudotensor 

(M " 1)ai&1 = (n-\)\M ^ ia2a3 "' a ^ bl62b3 '" bnM ^a 2 M ^a3 " " " M bnan . (B.3) 
Appendix B.2. Geometrical identities involving M ab 

There are powerful identities involving the inverse of the matrix M ab and its worldvolume 
components. These are given by 

{M- l )^g cb + (M- 1 )^^ = 8\ (B.4) 

{M-^Mga + (M- l f ac ^ ch = 0. (B.5) 

Exist similar identities for the spatial contraparts (M _1 ) , h^B and Tab- 
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Appendix B.3. Derivatives of tensor densities 

The Lie derivative of an arbitrary tensor density of weight n along the direction of the 
field X A is given by 

£ X T AiA 2 ...A s BlB2 - Br = \ C d C T Al A 2 ...A a BlB2 - Br + {d M \ C )T C A 2 ...A BlB2 - Br + ■■■ 

- (d c \ Bl )T AlA2 _ Ae CB2 ~ Br + n(d c X c )T AlA2 ... As B ^-^. (B.6) 

In a similar way, the covariant derivative of an arbitrary tensor density of weight n, is 
given by 

T) T BiB2...B r Q rp BxB2--.Br I p-Bl rp DB2--.Br I 

DcJ.AjA2-.As - C lA 1 A 2 ...A s + 1 C D 1 A 1 A 2 ...A S +■■■ 

-*D rp 

Al C L B> A 2...A a 
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